Abstract. Let K < L be a finite Galois extension and let X be an algebraic variety defined over L, that is, an algebraic variety defined over an algebraic closure C of L whose ideal is generated by polynomials with coefficients in L. Weil's Galois descent theorem provides sufficient (and necessary) conditions for X to be definable over K, that is, to ensure the existence of an algebraic variety Y, defined over K, and a birational isomorphism R : X → Y, defined ver L. Weil's original proof is hard to follow and it does not provide a method to compute R nor Y in an explicit manner. The aim of this paper is to give an alternative proof which is constructive in nature and which permits to construct such an isomorphism R in an explicit manner.
Introduction
In this paper, K should denote a perfect field, C an algebraic closure of it and Γ = Gal(C/K) the corresponding Galois group.
Let L be any subfield of C containing K. An algebraic variety is said to be defined over L if its ideal can be generated by a collection of polynomials with coefficients in L. By Hilbert's finiteness theorem, we may assume such a collection of polynomials to be finite. An algebraic variety is definable over L if there is an algebraic variety defined over L which is birationally isomorphic to it (the birational isomorphism is a priori defined over C); if the birational isomorphism is also defined over L, then we say that the algebraic variety is definable over K with respect to the extension L/K. In general, it is not easy to check if an algebraic variety, defined over L, is definable over K.
Let us assume, from now on, that the extension L/K is a finite Galois extension, and let Γ = Gal(L/K) = {σ 1 , . . . , σ m }, where σ 1 = e is the identity, be its Galois group. Classical Galois theory ensures the existence of a natural epimorphism ρ : Γ → Γ defined by restriction. Now, if X is an algebraic variety, defined over L, then Weil's Galois descent theorem [18] (Theorem 1 in the next section) provides necessary and sufficient conditions for X to be definable over K, with respect to the Galois extension L/K.
The proof of Weil's Galois descent theorem, provided in [18] , is non-constructive in the sense that it only provides the existence of an algebraic variety Y, defined over K, and a birational isomorphism R : X → Y, defined over L, but it does not provide a method (or algorithm) to construct them explicitly once we have given both explicit equations for X and an explicit Galois descent datum for X.
The aim of this paper is to provide a method to construct, once equations for X and a Galois descent datum (see next section for the definition) for X are given, an explicit map R : X → C N , defined over L, so that Y = R(X) is defined over K, and R : X → Y is a birational isomorphism.
Once R is explicitly give, it may be used to compute explicit equations for Y over K. This can be implemented in MAGMA [1] .
An explicit example is provided in order to explain the method by using a classical Humbert curve [2] ; that is a closed Riemann surface of genus five admitting Z 4 2 as group of conformal automorphisms. That curve is defined over Q(i) and admits an anticonformal involution, so it is known to be definable over Q. The method describe equations over Q for a suitable birationally equivalent curve.
Weil's Galois descent theorem
Before we recall Weil's Galois descent theorem, we need some basic definitions and facts. We assume, from now on, that X ⊂ C n is the locus of common zeroes of the finite collection of polynomials
If m is a positive integer and η ∈ Γ, then there is a natural bijection
If P ∈ C[z 1 , . . . , z m ], and η ∈ Γ, then we set
, where η at the right acts on C m and the one at the left acts on C (see Diagram (1)); in other words, P η is obtained by applying η to the coefficients of P.
(1)
In this way, that algebraic variety η(X) is defined by the new polynomials P
Similarly, if σ ∈ Γ, then we denote by P σ the polynomial obtained from applying σ to the coefficient of P. If η ∈ Γ satisfies that ρ(η) = σ, then P η = P σ and, if η 1 , η 2 ∈ Γ are so that ρ(η 1 ) = ρ(η 2 ) = σ, then η 1 (X) = η 2 (X). In this way, if η ∈ Γ satisfies that ρ(η) = σ ∈ Γ, then we denote η(X) by the symbol X σ ; which is defined by the polynomials P σ 1 , . . . , P σ r . In general it may happen that X σ and X are not birationally equivalent. A Galois descent datum for X, with respect to the Galois extension K < L, is a collection { f σ : X → X σ } σ∈Γ of birational isomorphisms, each one defined over L, so that, for every pair
Let us remark that even if X and X σ are birationally equivalent over L, for every σ ∈ Γ, it may happen that no Galois descent datum for X exists. Examples with such a property, in the case K = R and L = C, were first provided by Shimura [17] and Earle [4, 5] and later by Huggins [9] in the case that X is a hyperelliptic curve and, for the non-hyperelliptic situation, by the first author [7] and Kontogeorgis [12] . Now, if X is definable over K, with respect to the Galois extension K < L, then there is a birational isomorphism R : X → Y, defined over L, where Y is defined over K. For every σ ∈ Γ we have a birational isomorphism
It can be easily seen that { f σ } σ∈Γ defines a Weil's datum for X, with respect to the Galois extension K < L. This asserts that a necessary condition for X to be definable over K, with respect to the Galois extension K < L, is for X to admit a Galois descent datum, with respect to the Galois extension K < L. Weil's Galois descend theorem [18] states the converse direction of the above. 
Remark 2.
1. The uniqueness part in Weil's Galois descent theorem is easy to see since
Our constructive proof permits to see that if each f σ is a polynomial map, then R : X → Y is biregular isomorphism.
Other versions of Weil's descent theorem
Our constructive proof of Theorem 1 may be easily adapted to provide constructive proof for other versions of Weil's Galois descent theorem. Below we just discuss two of these versions; one for morphisms and the other for group of automorphisms. In both versions, X is an algebraic variety defined over L.
Version for morphisms. Let Z be an algebraic variety, defined over K, and that φ : X → Z is a morphism, defined over L. For each σ ∈ Γ we have a new morphism φ σ : X σ → Z. A Galois descent datum for the morphism φ : X → Z, with respect to the Galois extension K < F , is a collection { f σ : X → X σ } σ∈Γ of birational isomorphisms, each one defined over L, so that (i) φ = φ σ • f σ , for every σ ∈ Γ, and (ii) for any pair σ 1 , σ 2 ∈ Γ it holds the equality f
Theorem 3 (Weil's Galois descent theorem for morphisms). Let X be an algebraic variety defined over L, Z be an algebraic variety defined over K and φ : X → Z be a morphism defined over L.
If there is a Galois descent datum for the morphism φ : X → Z, with respect to the Galois extension
K < L, say { f σ } σ∈Γ ,
then there exists an algebraic variety Y and a morphism L : Y → Z, both defined over K, and there exists a birational isomorphism R
In Remark 7 we explain how to adapt the constructive proof of Theorem 1 to Theorem 3.
Version for groups of automorphisms. Let X be an algebraic variety defined over L and let G be a finite group of birational automorphisms of X, where each element of G is defined over L. For each σ ∈ Γ we have that G σ is a group of birational automorphisms of X σ . A Galois descent datum for the pair (X, G), with respect to the Galois extension
Theorem 4 (Weil's Galois descent theorem for automorphisms). Let G be a finite group of birational automorphisms of X, where each element of G is defined over L.
If there is a Galois descent datum for the pair (X, G), with respect to the Galois extension K < L, say { f σ } σ∈Γ , then there exists an algebraic variety Y, defined over K and a group H of birational automorphisms of Y defined over L, so that H σ = H for every σ ∈ Γ, and there exists a birational
In this case, the birational isomorphism constructed in the proof of Theorem 1 works.
Applications to complex algebraic varieties
Weil's Galois descent theorem has also been used in the study of complex algebraic varieties and the study of their fields of moduli; in particular, in the case of Belyi curves and dessin d'enfants. Let us denote by Gal(C) the group of field automorphisms of the field C of complex numbers.
Let X be some complex algebraic variety with a finite group Aut(X) of automorphisms. Let Γ X be the subgroup of Gal(C) consisting of those elements σ with the property that X σ and X are isomorphic. The field of moduli of X, denoted by M(X), is the fixed field of Γ X . As C is algebraically closed of characteristic zero, it holds that Fix(Gal(C/M(X))) = M(X), where Gal(C/M(X)) denotes the group of field automorphisms of C acting as the identity over M(X). Let us assume X admits a Galois descent datum, that is, for every σ ∈ Γ X there is an isomorphism f σ : X → X σ , defined over C, so that, for every pair η, τ ∈ Γ X , it holds that f ητ = f η τ • f η . Let us assume that X is defined over a finite Galois extension L of M(X). This assumption is known to hold when X is a curve [6, 11] . Let L be the algebraic closure of L in C (which is also algebraic closure of M(X)). As σ ∈ Γ X acts as the identity on M(X), it defines an automorphism of L. It follows, from the classical Galois theory, that σ ∈ Γ X acts a field automorphism of L.
If σ ∈ Aut(C/L), then X σ = X and, in particular, σ ∈ Γ X and f σ ∈ Aut(X).
, and we are assuming this group to be finite, this ensures that f σ is defined over L, for all σ ∈ Γ X .
Let us consider the map
• f η ensures that the above is a homomorphism of groups. The kernel of Θ is then a finite index subgroup of Aut(C/L) and its fixed field is then a finite extension of L. This implies that such an extension has degree one and that the kernel is all of the group Aut(C/L). This asserts that if τ, σ ∈ Γ X have the same restriction to L, then
Since L is a finite Galois extension of M(X), we may see that there are only a finite number of algebraic varieties of the form X τ which are isomorphic to X, where τ ∈ Gal(C). We also have a finite number of possible isomorphisms f σ , for σ ∈ Γ X . So, we may assume that X and all these isomorphisms are defined over L. In this way, Weil's Galois descent theorem asserts the following. 
Corollary 5. Let X be a complex algebraic variety which is defined over a finite extension of its field of moduli M(X) with
A similar adaptation of Theorems 3 and 4 also hold.
Auxiliary basic lemmata
In this section we recall some basic facts we will need in the constructive proof of Weil's Galois descent theorem. These results are from basic Galois theory but we recall them in here as matter of completeness. Let {e 1 , e 2 , ..., e m } be a basis of L as a K-vector space and set
The following fact about the linearly independency of automorphisms of Galois extensions can be found in Hungenford's book [10] .
Lemma 6 ([10]). The matrix A has non-zero determinant.
The trace map Tr : L → K : a → m j=1 σ j (a) extends naturally to polynomial rings Tr :
A direct consequence of Lemma 6 is the following fact about invariant ideals.
is an ideal so that for every σ ∈ Γ and every P ∈ I it holds that P σ ∈ I, then I can be generated (as an ideal) by polynomials in I ∩ K[x 1 , ..., x n ].
Proof. If P ∈ L[x 1 , ..., x n ], then let us consider the following polynomials Let us now assume that P ∈ I and that ∀σ ∈ Γ it holds that P σ ∈ I. It follows that Q 1 , ..., Q m ∈ I. Moreover, by the construction, for each τ ∈ Γ M it holds that Q For instance, if en Lemma 7 we consider K = R, L = C, e 1 = 1 and e 2 = i, then P = Proof. Let I < C[x 0 , ..., x n ] be the ideal of Y. As Y is defined over L, then I is generated by a finite collection of polynomials with coefficients in L. Let P ∈ I ∩ L[x 1 , ..., x n ]. Let σ ∈ Γ and let η ∈ Gal(C/K) be so that ρ(η) = σ. Then, for (b 1 , ..., b n ) ∈ Y, it holds that
As Y σ = η(Y) and we are assuming Y σ = Y, we have that η : Y → Y is a bijection. So the above asserts that P σ (c 1 , ..., c n ) = 0 for each (c 1 , ..., c n ) ∈ Y. This ensures that P η ∈ I and the desired result follows from Lemma 7.
Let V be a finite dimensional vector space over a field K, say of dimension n ≥ 1. Let x 1 ,..., x n be a basis of V. The symmetric algebra of V, say K[V], can be identified with the free unitary associative algebra generated by x 1 ,..., x n over K, that is, with the algebra of polynomials with variables x 1 ,..., x n and coefficients in K. If Γ is a group acting linearly over V, then that action extends naturally to the diagonal action on K[V].
Theorem 9 (D. Hilbert -E. Noether [13, 14]). Let V be a finite dimensional vector space over a field K. If Γ be a finite group acting linearly over V, then the algebra of Γ-invariants K[V]
Γ is finitely generated.
For a modern reference for the previous theorem see (Chap. 14 in [16] ).
Constructive Proof of Weil's Galois descent theorem

Starting point. Let us assume the algebraic variety X ⊂ C
n is defined by the polynomials P 1 , ..., P r ∈ L[x 1 , ..., x n ] and that we have an explicit Galois descent datum on X, say { f σ j } m j=1 , with respect to the Galois extension K < L. Set Γ = Gal(L/K) = {e = σ 1 , ..., σ m }.
By Lemma 8, if X τ = X, for every τ ∈ Γ, then X is already defined over K. So, from now on, we assume this is not the case.
An extra assumption.
It may happen that there is some τ ∈ Γ for which X τ ∩ X ∅. Next explain how to suitable change our model X so that the above does not happen.
Lemma 10. We may assume that, for i j, X
Proof. For each σ j e we may find some a j ∈ L so that σ j (a j ) a j . Then we may consider the algebraic variety X ⊂ C n+m−1 defined by the polynomials ..., x n , a 1 , . .., a n+m−1 ) defines a birational isomorphism whose inverse is provided by the projection
By the construction, we see that X σ i ∩ X σ j = ∅ for every i j. A Weil's datum for X is given by
The idea is to construct an explicit birational map R : X → Y, where Y ⊂ C N is some algebraic variety so that Y σ = Y, for every σ ∈ Γ. It will then follow from Lemma 8 that Y is defined over K. The map R will be given in terms of a set of invariant polynomial for a suitable permutation action of the group Γ.
As R will be explicitly given and defined over L and X is defined over L, then (with the help of MAGMA [1] ) we may write down a finite set explicit polynomials Q 1 , ..., Q t ∈ L[x 1 , ..., x N ], everything in terms of the previous data, defining Y. Now Lemma 8 tell us how to change these polynomials (using the traces) to assume there already have coefficients in K[x 1 , ..., x N ].
A first isomorphism. Let us consider the rational map
Assume f σ (x) is a rational map, say
where s j,σ , r j,σ are relatively prime polynomials, then the equality
provides a polynomial equation y j,σ s j,σ (y e ) = r j,σ (y σ ). With the previous notation, we see that Φ(X) is the affine algebraic variety, defined over L, given by
Remark 11.
If each f σ is in fact a polynomial map, then
In fact, by adding extra variables, we may assume that each f σ is polynomial.
As each f σ is a birational isomorphism, Φ induces a birational isomorphism between X and Φ(X). The inverse map is given by projection in the first coordinate, that is, by the restriction to Φ(X) of the projection π : σ∈Γ C n → C n , where π (y σ (x)) σ∈Γ = y e . We also note that if each f σ is polynomial, then we obtain a biregular isomorphism.
Remark 12.
Notice that if all birational isomorphisms f σ are biregular, then Φ is a biregular isomorphism between X and Φ(X).
A linear permutation action on σ∈Γ C
n induced by Γ. Let us consider the following natural permutation action of Γ on the σ-coordinates:
Let τ ∈ Γ and let η ∈ Gal(C/K) be so that ρ(η) = τ. As we have the co-cycle relation f τσ = f τ σ • f τ , we may see the following equalities:
and, as f
, where η acts on σ∈Γ C n , we obtain the following equality
In particular, we have the following commutative diagram:
Similarly, it is not difficult to see that, for every τ ∈ Γ and every η ∈ Gal(C/K), we have that
, which is not possible for τ e by Lemma 10.
A second isomorphism: Invariant theory.
As Θ(Γ) Γ is a finite group of permutations, it follows from Hilbert-Noether's theorem that the algebra C[ σ∈Γ C n ] Θ(Γ) , of Θ(Γ)-invariant polynomials with coefficients in C, is finitely generated. Let us consider a finite set of generators of such an C-algebra, say
At this point it is important to note that the finite permutation of coordinates produced by the action of Θ(Γ) does not depend on the field C, that is, we may consider this permutation action on the product space σ∈Γ B, where B is the basic field of C. It follows, in particular, that
For the constructiveness part, we need to have explicitly compute such polynomials E j ; this can be done, for instance, with MAGMA [1] . Let us consider the regular map
Lemma 14. The regular map Ψ satisfies the following properties:
, then there is some σ ∈ Γ so that w = Θ(σ)(z); and (4) Y = Ψ(Φ(X)) and Ψ( σ∈Γ C n ) are algebraic subvarieties of C N .
Proof. Properties (1) and (2) are easily to check. Property (3) is consequence of the fact that (i) a finite group is a reductive group [8, 15] and (ii) for a reductive group G, say acting linearly over [8, 15] ). Property (4) follows from the previous ones.
Remark 15. The algebra of regular maps on Ψ( σ∈Γ C n ) is known to be isomorphic to the algebra C[(x σ ) σ∈Γ ] Θ(Γ) [3] . This can be seen by considering the surjective homomorphism ξ :
Properties (2) and (3) of Lemma 14 assert that Ψ is a finite regular (branched) cover with the finite algebraic group Θ(Γ) as its deck group. Next result states that its restriction to Φ(X) induces a biregular isomorphism onto its image algebraic variety Y = Ψ(Φ(X)). Proof. Set Φ(X) = W. Since, for each τ ∈ Γ − {e}, one has that Θ(τ)(W) ∩ W) = ∅, we have that the polynomial map Ψ : W → Y is bijective. Now, set W = ∪ σ∈Γ Θ(σ)(W), which is a reducible affine variety whose irreducible components are Θ(σ)(W), for σ ∈ Γ. Since these irreducible components are pairwise disjoint, we may see that the algebra of regular maps on W, say C [ W] , is the product of the algebras of regular maps of the components, that is,
The above isomorphism is just given by the restriction of each regular map of W to each of its irreducible components.
There is natural isomorphism ρ : Remark 17. Using MAGMA it is possible to compute explicit generators E j , so Ψ and R can be explicitly computed.
Lemma 18. Y is defined over K.
Proof. Let τ ∈ Γ and let η ∈ Gal(C/K) be so that ρ(η) = τ. It follows from (1) that
Now one sees that the bijection η : σ∈Γ C n → σ∈Γ C n descend to the bijection η :
As this holds for every τ ∈ Γ, it follows from Lemma 8 that Y is defined over K.
Remark 19.
Since we have constructed an explicit birational isomorphism R : X → Y (which is biregular if all the maps f σ are polynomials), then we should be able to construct explicit equations for Y, say given by polynomials Q 1 , ..., Q m ∈ L[t 1 , ..., t N ]. As we already know that Y is defined over K, this should be also defined by some polynomials over K. To obtain these polynomials, we proceed to replace each of them which is not already defined over K, say F ∈ {Q 1 , ..., Q m }, by the set of polynomials (which are now defined over K) Tr(e 1 F), Tr(e 2 F),..., Tr(e m F) ∈ K[x 1 , ..., x n ], where {e 1 , ..., e m } is a basis of L as K-vector space.
Adapting the proof for Theorem 3
In order to see how to adapt the previous constructive proof for the case of Theorem 3 we proceed as follows. We assume Z ⊂ C m . We consider Φ : Z → Z ⊂ σ∈Γ C m , where Φ(z) = (z, ..., z), and we also define φ((x σ ) σ∈Γ ) = (φ σ (x σ )) σ∈Γ . If we set N : Y → Z by the rule N • Ψ = φ, then we may see that N σ = N, for every σ ∈ Γ. This follows from the equalities 1. Ψ σ = Ψ, for every σ ∈ Γ; 2. Ψ • Θ(σ) = Ψ, for every σ ∈ Γ; 3. τ • φ = φ, for every permutation τ of the coordinates.
Next, if we set π : σ∈Γ C m → C m defined as π((x σ ) σ∈Γ ) = x e , then L = π • N : Y → Z is the desired morphism.
8. An Example: A curve of genus 5
In this section we work-out an explicit example of a curve defined over Q = Q(i). A closed Riemann surface of genus 5, admitting a group H Z 4 2 of conformal automorphisms, is called a classical Humbert's curve. We may identify S /H with the Riemann sphere and its 5 cone points to be (up to a Möbius transformation) given by ∞, 0, 1, λ 1 and λ 2 . In [2] was proved that S can be represented by the following irreducible and non-singular complex projective curve keeps invariant X, so it defines a symmetry of X. It follows from Weil's Galois descent Theorem that X is in fact definable over Q = Q(i) ∩ R. Set (6) f : X → X = X σ 2 ; f (x 1 , x 2 , x 3 , x 4 ) = (ix 1 , ix 3 , ix 2 , ix 4 ).
In this example the map Φ is given by (7) Φ : X ⊂ C 4 → Φ(X) ⊂ C 8 ; Φ(x 1 , x 2 , x 3 , x 4 ) = (x 1 , x 2 , x 3 , x 4 , ix 1 , ix 3 , ix 2 , ix 4 ).
The equations defining Φ(X) are given by 
